Abstract. We determine all the Lagrangian conditionally homogeneous mean-type mappings for which the geometric mean is invariant.
Introduction
A well-known identity G o (A, H) = G, where G, A, H stand, respectively, for two variable geometric, arithmetic and harmonic means, is sometimes referred to as the invariance of the geometric mean with respect to the mean type mapping (A,H).
The aim of this paper is to determine all pairs (L^,L 9 ) of Lagrangian conditionally homogeneous means with respect to which G is invariant, i.e. that (1) Go (L f is a mean on I, and it is called a Lagrangian mean generated by / (cf. [8] :
for all x, y £ I and t € (0, oo).
Let us quote the following THEOREM 1 (cf. [6] 
Lagrangian conditionally homogeneous means
We begin this section with the following LEMMA 1 (cf. [7] Since now throughout this paper we assume that I C (0, oo) is an open interval. Proof. For the proof of implication (i) => (n) we assume that the mean Lf is conditionally homogeneous.
Without loss of generality we can assume that intl ^ 0. Fix XQ G intl and we put UQ = f'(xo).
The injectivity of /' and the Darboux property of derivative implies that /' is strictly monotonic and, consequently, continuous. It follows that UQ G intf'(I).
Moreover, there exist 6 > 0 and <5q > such that (/') _1 (uo -<5, uq + 5) C I and t x G I for all t G (l/^o, <5o) and x G (/') -1 («o -S, uo + 6). For the simplicity of notation we put
Iuo •= (f')-\uo-S,uo + S).
Let t G (l/50,io)-Then from (2) we get
The strict monotonicity of f implies that / is strictly convex or strictly concave on Iuo. Hence, by Lemma 1, for
where
By the symmetry of the difference quotient of / we have
Since the difference quotient of / is continuous in the connected set {(x, y) G : x < y}, the set JUQ, being its image, is a connected subset of M and, consequently, Juo is an open interval. Moreover, the Darboux property of derivative and the mean value theorem of Lagrange imply that JUQ = /'(/uo), because the function / is strictly convex or strictly concave on IUo.
In view of (4), following an idea of the proof of Proposition 2 in [4] , for all s, t € (l/V5o, we obtain
and, using once more (4), for every u 6 J uo , we have /'( S *(/rV)) =/wr 1 (/wrV)))) = duo (s)a Uo (t) u + a U0 (s)6 U0 (i) + 6 U0 (s).
As left-hand sides of both above equalities are the same, so Hence, after simple transformation, we get
. t e (1/60,60). The continuity of /' and there two relations imply the continuity of the function a uo and b uo in (l/<5o, ¿0).
Since the function a uo satisfies the Cauchy's equation (5) (cf. [5] , Theorem 6, p. 311 ), there exists p£K such that (7) a U0 (t) = tP, te{ l/Vh,\f6o).
First we consider the case 0.
In this case equation (6) can be written in the form
Interchanging the roles of s and t we hence get
Prom both above equations we obtain
and, consequently, Thus, there exists c G R such that
By the continuity of b UQ we infer that
and, using here (7) and (9), we obtain
for some a G R\{0}, b G R, and for all x in a neighbourhood of XQ. Hence, after simple calculations, we get either p G R\{-1,0} and Prom (7), in this case, we obtain aUQ (t) = 1 for every Consequently, by (6), for all x in a neighbourhood of xq, whence, after simple calculations, for some a G R\{0}, 6,ce R, and for all x in a neighbourhood of xoTo complete the proof of implication (i) (ii) it is enough to show that a, b, c and p do not depend on the choice of the point xq G int I. Let (a, ¡3) be a maximal interval containing xo, on which the function / is given by one of the formulas (11), (12), (13), with some ai G R\{0}, b\, c\,p G R. Suppose that (a, (3) ^ int I. Then either (3 < sup I or a >inf I. If (3 < sup/, take e > 0 such that (3 -e > a and f\(p-e,f)+e) is given by one of the formulas (11), (12), (13), with some o2 G R\{0}, b2, c2, q G R.
Consider the case when Since in the remaining cases we can argue analogously, we omit calculations. 
Hence and by Lemma 1 we infer that there exist a,i»,c£K,a/0, such that (14) holds true. Now we suppose that g is given by (14) with some a, b, c G R, a ^ 0. Then Without loss of generality we can assume that mean Lf is conditionally homogeneous. Prom equation (15) p+1 (x -y) 3 To get the respective values of and , it is enough to replace p by r in the last two formulas.
Similarly, calculating the partial derivatives, of the fourth order with respect to x, of the functions of both sides of equation (16) It is easy to show that none of cases 2° -6° can occur, that is, the geometric mean G is not L' r ')-invariant in these cases. For instance we show it in the case 5°, that is, when The proof of implication (Hi) => (i) is obvious.
•
Final remark
It is an open question, if there exist non-conditionally homogeneous Lagrangian means 1/ and L 9 such that at least one of them is non-geometric and G is (Z/, L 9 )-invariant. We conjecture that the answer is "no".
